Abstract. We propose a general one-factor model for the term structure of interest rates which based upon a model for the short rate. The dynamics of the short rate is described by an appropriate function of a time-changed Wiener process. The model allows for perfect fitting of given term structure of interest rates and volatilities, as well as for mean reversion. Moreover, every type of distribution of the short rate can be achieved, in particular, the distribution can be concentrated on an interval. The model includes several popular models such as the generalized Vasicek (or Hull-White) model, the Black-Derman-Toy, Black-Karasinski model, and others. There is a unified numerical approach to the general model based on a simple lattice approximation which, in particular, can be chosen as a binomial or N -nomial lattice with branching probabilities 1/N .
Introduction
Over the last decade, the increasing volume in interest rate related derivative products has caused immense efforts in modeling the stochastic behaviour of interest rates. Due to the fact that for each point in time there is a whole term structure of interest rates, realistic modeling is much more involved than the popular and useful modeling of stock prices by the famous Black and Scholes
The author thanks an anonymous referee for valuable comments Manuscript received: May 1995; final revision received: June 1996 model. From the practitioners point of view, it is important to develop not only realistic but also computationally tractable models. In particular, a realistic model should be consistent with the current term structure of interest rates and bond prices should tend to the face value of the bond as time approaches the maturity of the bond.
A popular class of models of practical relevance is the class of so-called one-factor models. There, the short rate (r t ) is usually given by a stochastic differential equation of Markovian type dr t = µ(r t , t)dt + σ(r t , t)dW t driven by a Wiener process W . Some examples with their specification of µ and σ are: Based on the general framework of arbitrage free pricing, the given dynamics of the short rate determines the stochastic behaviour of zero bond prices and thus, of the whole yield curve.
To be more precise, let us introduce some basic notation. Let (Ω, F ) be a measurable space equipped with a filtration I F = (F t ) t≥0 . The set Ω is representing the set of all states of the world and F (resp. F t ) are the events in the economy observable (resp. until t). Now let B (t, M )(ω), t ≤ M , ω ∈ Ω, denote the price at time t of a zero bond with maturity M and face value of 1. We assume that B (., M ) is an I F-adapted stochastic process. The yield curve (r t,M ) M >t is then given by r t,M = − ln B (t, M ) M − t .
Supposing the limit r t = lim M ↓t r t,M
exists, we call (r t ) t≥0 the short rate process. We denote by β t = exp( t 0 r u du) 1 the savings account, which is the price at time t of one unit invested at time 0 and rolled over continuously at the short rate. Following the spirit of Harrison and Pliska [10] , we assume that the market is complete and without arbitrage opportunities. This is essentially equivalent to the following assumption: which is the condition of consistency with the current term structure of interest rates. For an interest rate dependent contingent claim C M = C ((r u ) u≤M ) at time M , its price at time t < M is then given by
There exists a probability Q on (Ω, F ) such that for every security S without intermediate payments on a time interval [0, M ] its price process under the savings account as numeraire, S t /β t , is a Q-martingale.

This yields
S t = I E
There are principally four techniques to calculate C t (closely related to each other): (i) PDE-technique. Using the Markov property of (r t ), the conditional expectation
rudu C M |r t is a certain function C t = C (t, M , r t ) which, by the famous Feynman-Kac theorem (cf. [18] ), turns out to be a solution of a partial differential equation (PDE). Except some particular cases (e.g. the generalized Vasicek or Cox-Ingersoll-Ross model), the PDE can not be solved explicitly. However, numerical methods are available.
(ii) Numeraire change. This technique is basically a trick for easier calculation of the expectation (1) by choosing an appropriate numeraire in which all securities are measured. For example, replacing the savings account β t by the zero bond B (t, M ) as new numeraire and the measure Q on F T by Q M with
the price C 0 of the contingent claim C is
Knowing the distribution of C under the new probability Q M , the expectation can be calculated. For interest rate contingent claims, this technique was introduced in [4] . The use of this powerful technique is demonstrated e.g. in [5] , [6] , [7] .
(iii) Weak convergence. Suppose we have a sequence r n of stochastic processes weakly converging to r: r n ⇒ r. Then under some technical conditions,
Suppose now r n is a Markov process with a discrete state space. Then the expec-
which is based on the rule of iterated conditional expectations and the Markov property. This is the core of the popular lattice methods (cf. Hull and White [12] , [13] , [14] , [15] ) which are also related to explicit finite difference methods in the PDE-approach.
(iv) Monte-Carlo simulation. The expectation I E e
ru du C (r) is approximated by simulating a large number of realizations of e
ru du C (r) and calculating its arithmetic mean, which, by the law of large numbers, tends to the expectation. This technique is very time consuming since a large number of simulations is necessary to obtain sufficiently precise results. Improvements can be achieved using several variance reduction techniques.
The present paper introduces a general class of one-factor models and a socalled lattice approximation of the short rate which is then used in the framework of approach (iii) to evaluate prices of interest rate dependent contingent claims. Also, we discuss the calibration of our model to the current term structure of interest rates and to other market data.
A general class of term structure models
In this section, we are going to propose a general class of one-factor term structure models. The model allows for a perfect fitting of a given term structure of interest rates and volatilities as well as for mean reversion. One of the major advantages of our approach is, that every type of distribution of the short rate can be achieved.
The model
Rather than setting up a model implicitly by a stochastic differential equation for the short rate, our approach is based on an explicit equation for the short rate. We will consider the following model for the short rate (r t ):
where W is a Wiener process on a filtered probability space (Ω, F , Q), I F W , and
is a continuous function,
is continuous and positive, and,
are both continuous strictly increasing functions. The process W T (t) is a so-called time-changed Wiener process; it is a Wiener process running with a new (deterministic) clock T (t). The information generated by observing the short rate is given by the filtration I F = (F t ), where F t = F W T (t) . As we shall see in the next section, the generalized Vasicek and the BlackDerman-Toy, or Black-Karasinski, model are special cases of our general model.
Let us now discuss the role of the ingredients of the model. The random variable X t = f (t) + g(t)W T (t) is Gaussian with mean f (t) and variance g 2 (t)T (t). The correlation of X t and X s is
. Thus the time-change T (t) determines primarily the correlation structure of the process X t .
The function F transforms the Gaussian variable X t into a random variable with distribution function N •F (−1) 2 . Choosing a suitable function F , we are able to realize every type of continuous distribution of the short rate. In particular, if the image F (I R) is an interval F (I R) = (r * , r * ), the short rate r t takes values in (r * , r * ) only, never reaching the upper and lower boundaries r * , r * . The function f (t) is used for the fitting of the current term structure of interest rates; in particular, f (0) = F (−1) (r 0 ). Since the variance of X t is just g 2 (t)T (t), the function g(t) together with T (t) determine the variance of the short rate.
The function g(t) can be interpreted as a (positive or negative) mean reversion force. For example, let g(t) = e −at with some positive a. Then g(t) causes a reduction of the stochastic term in the definition of r t , and this reduction increases as t increases. If, moreover, T (t) = 
and our numerical approach below would also work for this model. Nevertheless, the additional structure in our setup (2) will give us more insight into the role of the ingredients of the model, and it will simplify the calibration of the model to market data. 2. Observe that our general model (2) is a generalization of a class of so-called Brownian-path independent models introduced by Jamshidian [17] . The main difference to these models is the time-change in the Wiener process which allows us to cover the majority of the popular models used in practice.
Examples
Let us now review how several popular models fit into our general model. 
(i)
where g(t) = e 
h(u)dB u . Then there exists a Wiener process W such that
Applying this lemma, the short rate process in the generalized Vasicek model can by written as
where
Consequently, the generalized Vasicek model fits into our general model for the case F (x ) = x.
(ii). The Black-Derman-Toy and the Black-Karasinski model. In the BlackKarasinski model, the short rate (r t ) is given by the stochastic differential equation
with some Wiener process (B t ). The solution of this equation is
where g(t) = e
audu . Again, using Lemma 1, we see that the short rate process
In case of the continuous limit of the popular Black-Derman-Toy model, we have a t = −σ t /σ t , 3 which implies g(t) = σ t /σ 0 and T (t) = tσ 2 0 . Therefore, in the Black-Derman-Toy model the short rate process (r t ) reduces to
Both models fit into our general model for the case F (x ) = e x .
(iii). The quadratic Gaussian model.
In the quadratic Gaussian model, the short rate (r t ) is a second order polynomial of a certain state variable which is Gaussian (cf. e.g. [6] ). For example, let
and define r t = ξ 2 t . As we have seen in our first example, ξ t is of the form
In particular, let a 1 (t) ≡ 0, 2a 2 (t) = −a t and 2b(t) = σ t . Then by Ito's formula
whereB is a certain Wiener process. But this is a special case of the well-known Cox-Ingersoll-Ross model with time dependent coefficients. [19] propose a model which dynamically combines properties of a lognormal and a normal model. Their approach is to model the effective annual rate by a lognormal setup and then transform this into a model for the continuously compounded rate. One motivation for this approach was, that lognormal models for the continuously compounded rate yield infinite expected rollover returns, whereas the model proposed by Sandmann and Sondermann overcomes this drawback. The continuous limit of their model is given by r t = ln(1 + ξ t ), where
(iv). The Sandmann-Sondermann model. Sandmann and Sondermann
with some Wiener process B . The solution (ξ t ) of the second equation is given by
and W is a Wiener process. Consequently, the short rate in the SandmannSondermann model is given by
The model in its original form does not incorporate mean reversion. However, we can easily modify the model to involve mean reversion. To this end let, for example, g(t) = e Then a generalization of the Sandmann-Sondermann model which includes mean reversion would be
A unified lattice approach
The reason for introducing our model (2) was not only its generality, but also to present a simple numerical approach to the valuation of interest rate dependent claims, based on a lattice technique as explained in (iii) of the introduction. The main task is to find an appropriate sequence r n of processes (weakly) converging to r and such that expressions of the form
can be calculated more easily.
Hull and White (cf. [14] , [15] ) propose an approach based upon a trinomial lattice approximation of r. Due to the fact that r is an inhomogeneous diffusion, the probabilities of the branchings in their lattice depend on the specific point in time and on the state of r n . Therefore, building the lattice on a computer requires considerable memory resources.
Our approach is much simpler; we will provide a method to construct a simple and easy to implement lattice approximation for r. As a special case we obtain a N -nomial lattice, where the probabilities for all branchings are equal and 1/N .
Constructing a lattice for the short rate
Since the short rate (r t ) is a deterministic (yet time dependent) function of a timechanged Wiener process (W T (t) ), it suffices to find a suitable lattice approximation for (W T (t) ). This is easily accomplished using a generalization of the well-known Donsker's invariance principle (cf. [8] ).
Lemma 2. For every n let
0 = t n 0 < t n 1 < . . . be a discretization of the time axis satisfying sup i |t n i − t n i −1 | ↓ 0 as n → ∞. Given a sequence ∆ n ↓ 0, for every n let (Y n i ) i =1,2,...
be a sequence of independent random variables taking values in the
Then the process (M n t ) (weakly) converges to (W T (t) ).
The proof of this lemma is easily accomplished using Theorem 7.1.4 of [8] . For every n, the process (M n t ) is a square integrable martingale with jumps bounded by K ∆ n . The previsible increasing process in the Doob-Meyer decomposition of the submartingale (M n ) 2 is just
Consequently, for every t, A n t → T (t) as n → ∞. Moreover, for n → ∞ the jumps of M n and A n tend to zero uniformly on every compact time interval. Now the assertion of the lemma follows from Theorem 7.1.4 of [8] . It is easy to generalize the binomial lattice approximation of (W T (t) ) to a N -nomial lattice with equal branching probabilities of 1/N .
Despite its simplicity, the above binomial lattice approximation has the disadvantage that the discretization in time is completely determined by the timechange T (t). For example, in the simple Vasicek model T (t) = This shortcoming can be avoided using a lattice approximation with more than two branches in every time step, which allows us to chose the discretization in time to a certain extend independently from the time-change T (t). The next example seems to be the simplest example in this direction. It gives the freedom to chose an appropriate sequence of time discretizations. However, in order to match the covariance structure of the process (W T (t) ) in the limit, we have to give up something and make the branching probabilities varying from step to step. ∆ n ↓ 0 be the grid width in the state space of our lattice approximation. We assume that
Now for every n let (Y n i ) i =1,2,... be a sequence of independent random variables taking values in {−∆ n , 0, ∆ n } with probabilities
Then the process (M 
Then (M n t ) given by (3) converges weakly to (W T (t) ). Observe that although the jumps are varying from time step to time step the approximation gives a lattice, i.e. is recombining. Indeed, the nodes of the lattice at time t
Based upon Lemma 2 we are now able to give a lattice approximation for the short rate process (r t ) given by (2),
From the above approximation for (W T (t) ) and from the continuity of the functions F , f , g, we get the following simple approximating lattice for (r t ). 
and, from a node F (f (t
In the case of the binomial lattice of Example 1 we have 
Observe that building the lattice for (r t ) as in Example 1 does not require extra memory on a computer; once the functions F , f , g and the time-change T (t) are known, all nodes of the lattice and their probabilities are known. The same holds true for a trinomial lattice as in Example 2; given the time discretization and lattice width, the approximating lattice (r n t ) is completely determined by F , f , g and the time-change T (t).
Calibrating the model to market data is done by estimating the functions F , f , g and T (t). For example, as explained in Sect. 2.1, the function f determines the term structure of interest rates implied by the model. Therefore, calibrating the model to the current term structure of interest rates, requires estimating the function f . We will address to these problems in Sects. 3.2 and 3.3.
Usually, interest rate related contingent claims depend not directly on the short rate but rather on several zero bond prices. Therefore, we are interested in a lattice approximation for prices of zero bonds. Using our lattice for the short rate, it is easy to obtain a respective lattice approximation B n (t, M ) for the price of a zero bond B (t, M ). For simplicity of notation we keep n fixed and suppress the upper index indicating the dependence on n Let i M be such that t iM < M ≤ t iM +1 . Then the values for B n (t iM , M ) are
Having accomplished this construction, we obtain a lattice approximation B n (t, M ) of B(t, M ); being at a node B n (t i , M )(j ) at time t i , the lattice B n branches with a probability of p i +1 (k ) to B n (t i+1 , M )(j +k ), k = −K , . . . , K at time t i +1 . Now, the well-known backwards iteration technique can be applied to evaluate European or American options on the zero bond B (t, M ). Observe, that in general it is necessary to construct the lattice for the zero bond until its maturity and not only until the maturity of the option, which can be very time and memory consuming.
A remarkable exception is provided by Gaussian models for which F (x ) = x. For these models, prices of zero bonds, at every point in time t, can be expressed analytically as a function of the short rate at time t. Thus, our lattice for the short rate immediately gives us a lattice for every zero bond. We will investigate this in more detail in Sect. 4.
Fitting the model to the term structure of interest rates
Suppose now we know only the functions F , g and the time-change T (t) of our model. The unknown function f has to be determined in order to calibrate the model to the current term structure of interest rates B (0, M ), 0 < M . We use the known technique of forward induction (cf. [17] ).
Suppose we are in our approximating lattice framework with t i = t n i , r ti (j ) = r n t n i (j) etc. as in the preceding section. Let AD(t i , j ) 5 denote the price at time 0 of a security that pays one unit at time t i in state j , and 0 otherwise. Then, by (1) and the rule of iterated conditional expectations
In view of
and, r ti−1 1 {ti−1,m} = r ti−1 (m)1 {ti−1,m} , from the above equality for AD(t i , j ) we obtain
Moreover, again using (1), we have,
Equations (5), (6) are the basis for our calibration to the current term structure of interest rates. First, for t 0 = 0 we put f (t 0 ) = F (−1) (r 0 ). For t 1 we have
and, using (6),
The unknown f (t 1 ) can be calculated from this. More generally, suppose we have already found f (t 0 ), . . . , f (t i−1 ). Then AD(t i , j ) can be calculated from (5) and by (6)
From this equation, we calculate f (t i ). Usually, a simple numeric algorithm such as the Newton algorithm or regula falsi works quite well.
Calibrating the model to further market data
As outlined in Sect. 2.1, the time-change T (t) and the function g(t) together determine the volatility and the mean reversion of the short rate. There is a compelling need for calibrating these inputs of our model to match further information from the market. From the point of view of a practitioner, observable market information is provided by prices of liquid derivative instruments. Suppose we have N liquid derivative instruments with prices P 1 , . . . , P N and maturities M 1 , . . . , M N . The prices of these instruments as provided by our model depend upon the choice of T (t) and g(t). We denote them by C 1 (T , g) , . . . , C N (T , g) always assuming that the model is fitted to the current term structure of interest rates as described in Sect. 3.2. Then T and g should be determined such that the difference between P i and C i (T , g) gets as small as possible. One may think of an analogous algorithm as described in Sect. 3.2, where we successively determined f (t i ), i = 1, 2, . . .. However, if for example, C i (T , g) is a price of a swaption, it involves not only the functions T (t), g(t) for t ≤ M i , but for a much longer period (namely until the end of the swap). It is therefore, in general, unrealistic, to hope for a tractable way to do an analogous successive calibration in a feasible time frame.
One way out of this problem is to describe the functions to be calibrated by a finite set of parameters α 1 , . . . , α k : T (t) = T (t)(α 1 , . . . , α k ), g(t) =  g(t, α 1 , . . . , α k ) . For example, as in the Vasicek model, α 1 = a, α 2 = σ and T (t) = σ 2 2a e 2at − 1 , g(t) = e −at . Then one can determine the parameters α 1 , . . . , α k by a numerical algorithm such that the deviation of the theoretical prices from the market prices becomes minimal:
This approach is proposed, for example, by Hull and White [15] and they have found a rather good calibration in the Vasicek model using two parameters.
Other authors use the volatility curve (cf. [2] , [3] , [17] ), to say the current volatility of the yield on zero bonds of all maturities, or prices of contingent claims on the short rate, such as differential caps (cf. [3] ) as market information. However, this information is hardly observable from the market. Nevertheless, we describe how our model can be calibrated to such information.
Let v(t, M ), M > t, denote the volatility structure, that is v(t, M ) is the volatility at time t of the yield corresponding to maturity M :
Our aim is to calibrate the model to the term structure of interest rates and, at the same time, to the term structure of volatilities.
Suppose we are in our lattice framework as described in Sect. 3.1. Then the term structure of interest rates is given by B (0, M ), M > 0, and the current volatility structure is
In the binomial lattice approximation of Example 1, the time-change T (t) is determined by the points t i where T (t) first exceeds the number i n . Thus calibrating the time-change T (t) to market data is done by determining successively the points t i , i = 1, . . ..
In the general lattice approximation the calibration of the time-change T (t) is done by solving for the appropriate probabilities p i (k ) given the discretization in time 0 = t 0 < t 1 < . . . However, recall that both, the time-change T (t) and the function g(t) can be chosen in order to calibrate the model to the volatility structure.
To describe the calibration technique by forward induction, we need the prices at time t 1 and state m of a security that pays one unit at time t i in state j , and 0 otherwise, i ≥ 2. We denote them by AD t1,m (t i , j ). Then using (1) and the rule of iterated conditional expectations, we get the following identities which are analogous to (5) and (6) 
We start our calibration with f (t 0 ) = F (−1) (r 0 ) and t 1 known. Then from (7) B (0, t 2 ) = e
Using (10) we get
Substituting (12) into (13), together with (11) we obtain two equations which have to be solved for the unknowns f (t 1 ), g(t 1 ), p 1 (.) (resp. t 2 in the case of the binomial lattice of Example 1). If T (t) (resp. g(t)) is given we have, of course, only two unknowns. Now suppose we have already found f (t 1 ), . . . , f (t i−1 ), g(t 1 ), . . . , g(t i−1 ) and the probabilities p 1 (.), . . . , p i−1 (.) (resp. t i in the case of the binomial lattice). Then calculate AD(t i , j ) and AD t1,m (t i , j ) from (5) resp. (9) . From this we derive B (0, t i +1 ) using (6) and B (t 1 , t i +1 )(m) using (12) . Together with (8) applied for v(t 1 , t i +1 ) this yields two equations for the unknowns f (t i ), g(t i ) and the probabilities p i (.) (resp. t i +1 ) to be solved.
Calibrating volatility in the Black-Derman-Toy model
In the particular case of the Black-Derman-Toy model, i.e., in the case of F (x ) = exp(x ) in our general model, the model can be explicitly calibrated to the term structure of volatilities. Recall from Sect. 2.2(ii), that the time change for the Black-Derman-Toy model is just T (t) = tσ 2 0 . Suppose the term structure of volatilities is given by the at the money forward volatilities σ(s, t) in a Black model, i.e., to value an at the money caplet with reference period (s, t) in a Black (lognormal rate) model, the market uses σ(s, t) as appropriate volatility. For a caplet with reference period (s, t) 
This leads us to an explicit calibration of our lattice model to the given term structure of volatilities; simply put σ 0 = 1 and
Some tests have shown that, in case of a Black-Derman-Toy model, this calibration technique yields quite good results. The calibration error for every single caplet of a cap is usually less than 1%.
Special example: Gaussian short rates
For the case of F (x ) = x in our general model, the short rate is a Gaussian and a Markovian process. If moreover, the functions f , g and T (t) are differentiable, the model reduces essentially to the generalized Vasicek model, which was studied in detail by several authors (cf. [4] , [5] , [6] , [7] , [12] , [15] , [16] ). For the generalized Vasicek model, the price B (t, M ) of a zerobond can be expressed explicitly as a function of the short rate r t at time t. As a consequence, the model can be analytically calibrated to the term structure of interest rates and to the term structure of volatilities. Also, once having a lattice approximation for the short rate we get immediately an appropriate lattice approximation for all zero bonds. In this section, we are going to derive these results for our slightly more general Gaussian model.
Let r t = f (t) + g(t)W T (t) , t ≥ 0. Then by (1) and the Markov property of the short rate r t
The unknown time-change T (t), or the unknown function g, or both, can be immediately obtained from the volatility structure.
In the case of the original Vasicek model, that is in the case of g(t) = e −at , T (t) = t 0 g −2 (u)σ 2 du, the above identities simplify considerably to:
and
Some numerical results
To illustrate the lattice approximation proposed in Sect. 3, in this section we present some numerical results on the speed of the convergence and the ability of the model to calibrate to given market prices of caps and swaptions.
In the case of a Gaussian short rate closed form solutions for the prices of caps and swaptions are available. Therefore this model is best suited to test the speed of the convergence of the lattice approximation. We consider a flat interest rate term structure of 6%, i.e. B (0, t) = e −0.06 t . The time change T (t) and the function g(t) are as at the end of Sect. 4 with mean reversion parameter a = 0.22 and short rate variance σ = 0.018. Observe that these numbers are in line with numbers usually obtained from calibrating the model to market prices of caps. We use the binomial lattice approximation of Sect. 3.1, Example 1 to price a 5-year cap on a 6-month rate and compare the results with exact prices from closed form solutions. The time from today to 5 years is divided into N non-equidistant time intervals as described in the binomial lattice approximation of Example 1. In the tables below n denotes the number of time steps in the binomial tree from time 0 to the reset date of the respective caplet. Finally we present some results on the quality of the calibration of the model to given market prices of liquid derivatives. We consider a model with lognormally distributed short rate and use a lattice approximation as proposed in Example 2 of Sect. 3.1 with suitably parametrized functions g(t), T (t) and appropriately chosen time discretization. The model is calibrated simultaneously to market prices of 7 at the money caps and 20 swaptions. The results show a quite good calibration of the model to the market. Observe that in practice one would probably choose less reference options to calibrate to. All prices and the term structure of interest rates refer to the DEM market as of June 24, 1996.
Conclusion
There is a general one-factor model for the term structure of interest rates based upon an explicit formula for the dynamics of the short rate. The short rate is modeled as a Wiener process with a deterministic new clock which is then subject to an addition of a drift and a transformation of the state space. Essentially every popular short rate model used in practice turns out to be a particular case of this general approach. Several easy to implement lattice approximations of the short rate process all ow pricing of interest related contingent claims using the wellknown backward induction method. In the simplest case the lattice approximation is a binomial lattice with branching probabilities 1/2 but non-equidistant spacing in time. The model can be calibrated to the given term structure of interest rates as well as to given market prices of liquid derivative products or the volatility structure of zero bonds.
